ABOUT SURANYI’S INEQUALITY 


MIHALY BENCZE 


ABSTRACT. In Miklés Schweitzer Mathematical Competition (Hungary) pro- 
fessor Janos Surdnyi proposed the following problem, which is interesting and 
present an aspect of a theorem. In this paper we present a new demonstration, 
some interesting applications and a generalization. 


Theorem 1. (JAnos Surdnyi). If 7, > 0(k = 1,2,...,n) then holds the following 
inequality: 


Capa ee Sa ya 
k=1 k=1 k=1 


Proof. Using the mathematical induction for n = 2 we obtain 77 +23+22,22 > 
(a; + #2)” true. 

We suppose that is true for n and we prove for n + 1 too. 

Because the inequality is symmetric and homogeneous we can suppose that x1 > 
LQ >... > Xn41 and 71+22+...+2, = 1, so we must prove the following inequality: 


n+1 n+1 n+1 n+1 


ny att +(n+1) [J 2 > baer ee 
k=1 k=1 k=1 k=1 


which can be written in the form 
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n n n 
+1 +1 
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From the inductive condition holds 


n n n 

n-1 n 

NEn41 | | Le > Ln41 y oe a Nay y Xp 
k=1 k=1 k=1 


Remain to prove that: 
n n n n 
n ) gett — ) Le) —@n4i[n ) Lh — pee 
k=1 k=1 k=1 k=1 


n 
=A 
+ Un41 I] te+(n—1)an41— 241 } 2 0, 
k=1 


but this inequality can be decomposed in two inequalities in following way: 
First, from the Csebishef‘s inequality holds: 


n n 
n ) Le ) Tek 
k=1 k=1 
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Second, because na + dyn? > Quah (k =1,2,...,n), then after addition holds: 


n 
= II (tp Bnav t+ tne) (a lay = one 


k=1 
nm 
n n-1 n n—-1 _ 
2 Un41 + Ey yy (2k — Engi) + (n—-1) eh — Bayi = 
k=1 
or 
nm n 1 n nm 
note — Dah ny aR _ oe 
k=1 k=1 k=1 k=1 


but from %n41 < + holds the desired inequality. 
If in Theorem 1 we take n = 3, then we obtain: 


Application 1. If 7), 22,273 > 0, then 


ri + 234+ 23 + 3x129%3 > x7 (x2 + 23) + £3 (x3 + 21) + £3 (x1 + 22) 
which is the well known Schur’s inequality. Therefore, the inequality of Suranyi 
generalized the Schur‘s inequality. 


Application 2. If a,b,c denote the sides of triangle ABC, s the semiperimeter, 
R the radius of circumcircle, r the radius of incircle, then: 

1). R> 2r (the inequality of Euler) 

2). 8? >r2+16Rr 

3). (4R+r)° > s?(16R —5r) 


Proof. In Application 1 we take: 

1). 1 =a,22 = b,4%3 =c 

2). 41 =s$—a,%2 =s—b,%3 =s-—C 

3). 1 =a, %2 = 1b, 13 =Te 

where rg, 1b, 7c are the radii of exinscribed circles. 


If In Theorem 1 we take n = 4, then we obtain the following: 
Application 3. If 71, 22,73,74 > 0, then 


4 4 
2 (StI In) > S- Lj; (a? + 5) 
k=1 k=1 


1<i<j<4 


Remark. Because x7 + x3 > 2a,x;, then 


4 4 

4 2,2 
) ay +2][ a. > y LiL, 
k=1 k=1 


1<i<j<4 
but this is the Turkevici inequality. Therefore the inequality of Suranyi give a 
refinement and a generalization for Turkevici‘s inequality. 
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Application 4. Denote rg,7rp,7c,7aq and ha, hy, he, ha the radii of exinscribed 
spheres and the altitudes in tetrahedron ABCD, then 


1). 3 > ms Tk 2 > 1 3 is 
2). 3 a rt + Tr Ta 2 2 z 
where r is the radius of inscribed sphere. 


Proof. In Application 3 we take: 
1 1 1 1 1 _ 1 
1). x1 Rg 02 = F503 = F284 = Fi and )/ 77 = a 
1 1 1 1 ios 9 
2). Ly v2 ,X3 4 and > ao FE 


Ta? To To? Te 


The inequality of Turkevici can be generalized in following way: 


Theorem 2. If x, > 0(k = 1,2,...,n), then 


>> (wi- aj)’ +n 


1<i<j<n 


And in finally, we generalize the inequality of Surdnyi in following way: 


Theorem 3. If a, € J (IC R) (k=1,2,....n), f : 1 — Rand f and f’ are 
convex functions, then: 


(n-1 Sor (ax yans(2 a) > ys (Sate) 
k=1 


t,j=1 


Proof. We suppose that a, > dg >... > Gn, so the desired inequality can be 
discomposed in the following two inequalities: 


n—1 n—1 


1 n—-1-k)f(a ule SM ttn) 
QM Le-1-HFa)+ Ys ( 3 
> p(Svats) 
4 eek 
and 
n-1 


(2) (1) F (ax) + (02) F (an) + nf ( 


Ty Gales ten 4 Ss p(S-vats) 


k=1 1<i<j<n 


Qa, +ag+...+ An 
n 


The inequality (1) is the consequence of inequalities 


(n-1-K) f(a) +f (Fete toe) s p (Sees), 


nr 
j=k+1 
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where k € {1,2,...,2 — 1} but this holds from Karamata‘s inequality using for 
kay + Qpgit.. + “n) ed 


(xs nt i 


(Sater (n — 1) ax + dg+2 eae es) 


; geesy 
nm nm nm 


The inequality of Karamata say: If f : J — R is convex 7, > %2 >... > pn and 
Yi 2 Y2 2+ 2 Yn, M1 2 V1, 


Ly + v2 > Y1 + Y2, seey DU] + v2 + wie + en—-1 
2 Yt + Y2 Fe + Yn1, 21 + 2+ + In, 
= Yt Y2 +e + Yn, 


then 
f (ei) + f (a2) +... + f (Gn) = f(y) + f (ya) +--+ fn). 


In our case 


kag + Gpzi t+... + “n) 
n 


(ain aie, ak) = (xan, +++) Qk, 


and 


— ((n—lagt+aggr (n—-1) ap +axse (n — 1) ay + dn 
(Yi Y2s +5 Yn—k) = ( ) a gies Fs : 


Now we prove the inequality (2). 
Denote 


= SGD F(a) +2) F (m4 ns ( 


n—-1 : 
ta; + aj41 +... + an (n—1)a; +a; 
i ee 


i=l 


as 


for which we prove that: 


F (a4, dg, ...,An) > F (a2, a2, 03, ..-, Gn) 
2 
= F (Gn—1, An—1, +++) In—1; An) 
> F (an, Gn, +-,An) = 0. 


In F (ag, Qk, ---; Ak; Gk41, k+2; ++; An), contain ax, the following expression 


y-ray) a, (Steen ttn) yoy (ete) 
i=l 


: n 
t=1 


> y (Wa Data) yy (Sets) 


1<i<j<k 
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Denote Gy (a) = F (a,4,...,@, @k41, Gk42;---;@n), where a € [ax41, ax], then 


G (a) = Aaa (y (Htentete) Sy ? (! (n—1) a) 


i=k4+1 


because 


ka + dpgi t+... tan 1 S (n—1)a;+a 


n n— 
t=k+1 
or 
n 
ma k) a = S ai, 
i=k+1 


which is true. 
Because f is convex, then f’ is increasing but f’ is convex, so 


p (Senet SF (vn 3 motets) 


i=k+1 


> > p (Sabet) 


i=k41 


which follows from Jensen‘s inequality. 
Therefore G is increasing and 


F (Ag, Qk, ++) Gk; Ok415 Uk425 +05 An) > F (Qk41, Ok, +++) Gk+1; Uk425 ++) An) 


which prove the affirmation. 


Remark. If in Theorem 3 we take f(a) = e" and e™ = a, (kK =1,2,...,n), 
then we obtain the inequality of Surdnyi. 


Application 5. If a, > 0(k =1,2,...,n) and a > 2, then 


on Yraten(2 ya) oo eer aaa 


Proof. In Theorem 3 we take f (a) = a®. 
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